A weak energy identity and the length of necks for a 
Sacks-Uhlenbeck a-harmonic map sequence 

Yuxiang Li* Youde Wang^ 

Abstract 

Assume that M is a closed surface and iV is a compact Riemannian manifold without 
boundary. Let Ua '■ M —f N he the critical point of with Ea{ua) < C. Assume uq is 
the weak limit of Ua in W^''^{M, N) and xi is the only blow-up point in Bcr{xi) C M with 
no bubbles. Then, on a local coordinate system on B^ixi) which origin is xi, we can find 
sequences xj, ^ 0, ^ (i 1, • • • ,no) s.t. Ua{x'a + A^x) v^, where are harmonic 
maps from 5^ to N. We define 



= liminf(Aj,)2-2". 

a— >1 

We will prove that 

"0 

lim E^{u^,B„{xi)) = E{uo,B,{xi)) + \B,{x,)\ ^i^iv^). 

J = l 

Further, when no = 1, we define 

= liminf(A^)-^^^, 

a— >1 

then we have: 

If = 1, then uo{Brj{xi)) U v^{S^) is connected; 

If 1 < < +00, then UQ{Bcr{xi)) and t)^(S'^) are connected by a geodesic with length 



L= ^— — log^ • 

If — +00, the neck contains at least one geodesic with infinite length. 
We also give an example of neck which shows the neck contains at least one geodesic of 
infinite length. 

Mathematics Subject Classification: 58E20, 35J60. 



1 Introduction 

Let (M, g) be a smooth closed Riemann surface, and (A'^, h) C be an n-dimensional smooth 
compact Riemannian submanifold. We always assume that N ^ M.^ is an isometric embedding 
and has no boundary. 

*This paper was written while the first author was researching at Mathematisches Institut, Albert-Ludwigs- 
Universitat Freiburg, supported by Alexander von Humboldt Foundation. 
■^Partially supported by 973 project of China, Grant No. 2006CB805902. 
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Let Ty^'2(M, N) denote the Sobolev space of W'^''^ maps from M into N. If u G W'^''^{M, N), 
locally, we define the energy density e(u) of li at x G M by 

■ ■ QuP^ du^ 

e(n)(x) = \Vgu\ = 9'^{x)haf3{u{x))-^-^. 

It is easy to check that 

e{u) = TracCgU* h, 

where u*h is the pull-back of the metric tensor h. Usually, the energy E{u) of u is defined by 



E{u) = / e{u)dVg, 

J M 

and the critical points of E are called harmonic maps. We know that a harmonic map u satisfies 
the following equation: 

t{u) = An + A{u){Vu, Vu) = 0, 

where A is the second fundamental form of in . 

It is not easy to find a harmonic map, since E does not satisfy the Palais-Smale condition 
when the dimensions of domain manifold dim(M) > 2. Eells and Sampson first employed 
the heat flow method to approach the existence problems of harmonic maps and successfully 
deformed a map from a closed manifold into a manifold with nonpositive sectional curvature 
into a homotopic harmonic map. Concretely, they considered the heat flow for harmonic maps 
(or the negative gradient flow of the energy functional E[u)): 

du 

If we can establish the global existence of the above flow with respect to the time variable t, 
or roughly speaking, the flow flows to infinity smoothly, then we are able to find a sequence 
Uk = u{x,tk) s.t. tfc +00 and converges to a harmonic map (see |E-S) ). 

As dim(M) = 2, it is well-known that the energy functional is of conformal invariance and 
harmonic maps for this case are of special importance and interest. In fact, mathematicians pay 
more attention to this case. To prove the existence of harmonic maps from a closed surface Sacks 
and Uhlenbeck in their pioneering paper |S-U] employed a perturbed energy functional which 
satisfies the Palais-Smale condition, hence defined the so called a-harmonic map to approximate 
the harmonic map. More precisely, for every u G W^''^°'{M, N) Sacks and Uhlenbeck defined 
the so called ck-energy E^ as 

E^{u)= [ {l + \Vu\''rdVg, 

J M 

which can be regarded as a perturbation of energy E, and considered the a-harmonic maps, i.e. 
the critical points of Ea in VF^'^°(M, N), which satisfy the following equation: 

AgUa + (a - l^YjjYll^LZ^^ + A{Ua){dUa,dUa) = 0. 
l + \\/gUar 

If there is a subsequence = Ua,. which converges smoothly as ^ 1, Ua,. will converge to a 
harmonic map. 
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Later, Struwe used the heat flow method of Eells and Sampson to approach the existence 
problems for harmonic maps from a closed surface and he obtained almost the same results as 
in [S-Uj . Chang showed the same results as in [StJ for the case where the domain manifold is a 
compact surface with smooth boundary (see [C]). 

However, for both cases, the blow-up might happen. That is to say, we are only sure that 
the convergence is smooth away from finitely many points (which are called blow-up points) 
to a smooth harmonic map uq, which might be a trivial map. Around a blow-up point p, the 
energy will concentrate, i.e., we will have 



limliminf / \Vuk\'^dVg > 



(P) 

And then, we can find sequences lim x\. — > p, lim A|, ^ 0, z = 1, • • • , no, s.t. 

fc— »+oo fc— >+oo 

where all are non-trivial harmonic maps from S"^ to A^, and is a finite set. 
Then two problems occur. One is that if we have the energy identity, i.e. 



k 



/» no 
\Vuk\'^dVg= / \VuQ\^dVg + y E{w' 



The other one is what the neck is if it exists? 

When Uk = u{x,tk) is a subsequence of a heat flow for two dimensional harmonic maps, the 
above two problems are deeply studied. The energy identities have been proved by Qing fQ] (in 
the case N = S") and Ding-Tian p-Tj in the general case. In [Lin-Wj . Lin- Wang gave another 
proof of the energy identity. For the neck, Qing-Tian |Q-T| proved that there is no neck if the 
blow-up happened at infinite time ( Ding [D] proved a more general case) , and Topping [T] gave 
a surprising example of heat flow blowing up at finite time s.t. the weak limit is not continuous. 

Unexpectedly, the energy identity for an o-harmonic sequence with bounded energy is still 
open. Now, many people believe that the methods used to solve the identity for heat flow, or 
more generally a sequence with tension fields r bounded in L^, are not powerful enough to solve 
the energy identity for an a-harmonic map sequence. The reason lies in the identity (|2.3p in 
this paper. For a sequence with tension fields r bounded in L^, (j2.3p becomes 

\^fdso-l-[ \VoUk\^dso = 0{ f \T{uk)\\Vuk\dVg)+0{l). 

dBr dSr J Br 

then the right side of the above identity is bounded. However, in (|2.3p . a very bad term 

Q — 1 



/ {l + \Vu^\^T-^\Vu^\'^dVg 

J Br 
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' J Br 

appears. 

The known energy identities for some special a-harmonic sequences are usually obtained by 
methods which are completely different with the one of |D-Tj . Now we would like to mention 
the following cases. 

If {ua} is a sequence of minimizing a-harmonic map, i.e. every Ua is the minimizer of Ea, 
which belongs to the same homotopic class, Chen and Tian [C-T] proved that the necks consist 
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of some geodesies of finite length, and moreover this imphes no loss of energy in necks for the 
sequence (see also |D-K] ). 

Another important case is the energy identity for a minimax sequence. We let M be a 
compact Riemann surface, ^ be a parameter manifold. Let ho : M x A ^ N he continuous. 
Assume H be the class of all maps homotopic to /iq, and 

Pa{H)= misnpEM;t)). (1.1) 

We can deduce from Jost's result \S\ that there is at least one sequence Ua^. which attained 
PakiH) satisfies the energy identity as ^ 1 (Also see |C-M| and |L]). 

In this paper, we will adopt some methods and techniques in [D-T] and [D] to discuss the 
energy identity for an a-harmonic sequence, especially the necks between the bubbles. However, 
we can not give a final proof on the energy identity for such Sacks-Uhlenbeck sequence, instead, 
we only show a weaker energy identity and give some observation on this subject. On the other 
hand, we exploit the details of the necks. Precisely we provide a new method to show that the 
necks converge to geodesies and obtain the formula on the length of the geodesies. 

Now, we assume that Ua is a sequence of a-harmonic maps from (M, g) to {N, h) with 

Ea{Ua) < 0. 

Then, by the theory of Sacks and Uhlenbeck, we are able to assume that there exists a sequence 
ak 1, s.t. converges to a harmonic map uq : M ^ N smoothly away from a finite many 
points {xi} as Ofc ^ 1. We assume that there are no bubbles at the point xi. Then we are able 
to assume that there are Xa^ — > xi and Xa^ ^ for j = 1, • • • , no, such that 

converge in C;'^^(M^ \ {pi,P2^ ■ ■ ■ ^Psj}) to non-trivial harmonic maps 

-.S^^N. 

Moreover, we assume that one of the following holds: 

HI. For any fixed R, Bj^x^ (x* ) ni?p,j i^ai,) = whenever (a^ — 1) are sufficiently small. 

xi x^ 

H2. -j^ + TT^ +00 as ak 1. 
Remark 1. One is easy to check that if (A* ) and (Aqj.,Xqj.) do not satisfy HI and H2, 



A' 



r-3 



then we can find subsequences of X"^^, x^^ and A^^., Xa^ s.t. -~- — > A G (0,oo) and "''j "'^ 



a G M"'. Since 



KkX) = u^^ixi^ + Xi,{^^\-^ + -fx)). 



Aqj. Aaj. 



we have 

v\x) = v^{a + Ax), 
and then and are in fact the same bubble. 
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Fixing an R, we have 



X2) 



Since 
and 

we define 



//j = liminf(A^)2-2a < Hm 



^ g "aft I " 



o— >1 fc^oo 

^ e-|Mhi;(ito) 
- e ' 

where 



(1.3) 



^ = inf{ i?(n) : u is a nontrivial harmonic map from 5"^ to N]. 
Therefore, we know 

The first task of this paper is to get the following weak energy identity: 

Theorem 1.1. Let M he a smooth closed Riemann surface and N be a smooth compact Rie- 
mannian manifold without boundary. Assume that u^^ £ C°"{M,N) (a^ 1) is a sequence 
of Ok-harmonic maps with uniformly bounded energy and xi be the only blow-up point of the 
sequence {ua,.} in B^{xi) C M. Then, passing to a subsequence, there exist uq : M ^ N which 
is a smooth harmonic map and finitely many bubbles Vj : 5^ — > such that u^^ uq weakly 
in W^''^{M, N) and in C^^{B„{xi) \ {xi},N) and the following identity holds 

no 

lim E^^iu^^,B,{xi)) = E{uo,B,{xi)) + \B,{x,)\ + y2f,]E{v^), (1.4) 

i=i 

where is defined by il.3\) and hq is the number of bubbles at xi. 

This theorem teUs us that the energy identity holds true if and only if Hj = 1. It provides a 
new route to approach the problem whether the necks contain energy or not. 

Remark 2. By Lemma \2.S\ in section 2, = 1 implies 

no 

lim E{ua„B,{xi)) = E{uo,B^{xi)) + \2^(''')^ (1-5) 
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and reversely, by Lemma \2.S\ and (2^, il.5\) also implies fij = 1. 

It is our another purpose to study the behavior of the necks connecting bubbles. For this 
sake, we need to define 

Uj = hminf(A^)"^^. 

We will see that the above quantity play an important role in the discussion on the behavior of 
blowing up. Our main results are stated as follows: 

Theorem 1.2. Let M be a smooth closed Riemann surface and N be a smooth closed Rieman- 
nian manifold andua^. G C°°{M,N) be a sequence of ak -harmonic maps with uniformly bounded 
energy and converges to a smooth harmonic map uq : M ^ N in C^^{B^{xi) \ {xi}, N) as 
ak — > 1. Assume there is only one bubble in Bf^{xi) C M for {uaf,} and : S'^ ^ N is the 
bubbling map. Let = lim inf(A^)^^"^^. Then we have 

1) when = 1, the set uo{Bf^{xi)) U v^{S'^) is a connected subset of N; 

2) when G (l,oo), the set uq{Bcj{xi)) and v^{S'^) are connected by a geodesic with Length 

L = y— — logi/^ 

3) when = +oo, the neck contains at least an infinite length geodesic. 



Remark 3. Although we state and prove Theorem \L2\ only for one bubble case, it is not difficult 
to follow the steps in section 3.2 to prove the general case. However, the general case is quite 
complicated, for example, if we have 2 bubbles: 



Uai^aX + Xi) ^ , and tia(A^X + Xi) 



which satisfy: A^/A^ and v^,v^ < oo, then uo{Bs{xi)), f^(S'^) are connected by a geodesic 
with length 

and v^{S'^), v'^{S^) are connected by a geodesic with length 



We should mention that after we completed the paper we found that Moore had proved that 
if a neck is of finite length L and g > 1 (the genus of M), then L = \J ^ log v (note that in 

[M] . E[u) is defined to be ^ j^j \\/u\'^dVg). However, the arguments to prove Theorem 1 1.2 1 in this 
paper is completely different from Moore's proof. The key estimation of us is the Proposition 
14.11 in section 4, which gives the details of the necks. 

The Proposition 14. II also provides a new method to prove that the necks consist of geodesies, 
which has been already proved by Chen and Tian jC-Tj . In this paper, we will make use of the 
following curve 

ra(r) = 7^ / ^ u^{r,e)de 
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to approximate the necks. With the help of Proposition 14.11 one can easily calculate the second 
fundamental form of the approximation curve, and then to prove that the limiting curve satisfies 
the equation of geodesic in N. 

We failed to find a sufficient condition s.t. < +00, but we will show that there are indeed 
many cases that the necks contain at least one infinite length geodesic: 

Corollary 1.3. Let — > 1, and Uk '■ M ^ N he a minimizer of E^^ in the homotopic class 
containing u^- We assume for any i 7^ j, Uj and Uj are not in the same homotopic class. If 

supEo,f^{uk) < +00, 

k 

then Uk will blow up, and the neck contains at least one infinite length geodesic. 



Remark 3. In the last section, by constructing a manifold N we will give an example of a 
minimizing a-harmonic map sequence, which satisfies the condition in the above corollary. This 
indicates that there exists a neck joining bubbles which is a geodesic of infinite length. 

We conclude this introduction with showing the following proposition as a consequence of The- 
orem [LTJ which implies the result due to Chen-Tian that, if the necks consist of some geodesies 
of finite length, then the energy identity is true: 

Proposition 1.4. The energy identity holds true for a subsequence of if and only if 

liminf 1 1 Vu^ 1 1 ^0 (m) = 1 • (1-6) 

The limit set of such subsequence has no neck if and only if 

liminf II Vn„ 11^) = 1. 

The bubbles in limit set of such subsequence are joined by some geodesies of finite length, if and 
only if 

liminf ||V?/a||^!^) < +00. 

Proof. We only prove the first claim. 

First, we prove (11. 6[) implies fij = 1. We assume Va{x) = Ua{xa + XLx) converges to in 
C/oc(^" \ {Pi^P2, - ■■ ,Ps})- Then we have 

kK) = 



\VVa{x) 



la-l 



for any x with |Vf-'(x)| 7^ 0. Hence we get fij < 1 and then fij = 1. 

Now, we will prove "//j = 1 for all j" implies (II. 6p . Let Xa to be the point s.t. \Vua\{xa) = 
max IVuqI, and 

\VUa\iXa)' 

We set Vaix) = Ua{xa + Aq,x). One is easy to check that Va will converge to a non-trivial 
harmonic map vq locally. By HI and H2 we must find a j, s.t. 

^RXi(^i') ^ BRxAxa) + 0, and ^A^ <K< CX^ 
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for some C> 0. Hence we get |Aa|"-^ ^1. □ 

Acknowledgement: The authors is grateful to thank Professor W. Ding for his help and encour- 
agement. The first author would like to thank Prof. E. Kuwert for many helpful discussions. 

2 Preliminary 

In this section we intend to establish some integral formulas on a-harmonic maps from a closed 
surfaces by the variations of domain. Of course, we need to choose some suitable variational 
vector fields on M which generate the transformations of M. We will see that these integral 
relations will play an important role in the proofs of main theorems. 

Note that the functional is not conformal invariant. For example, on an isothermal 
coordinate system around a point p G M, if we set the metric 

g = e'^iidxf + {dyf) 

with p = (0, 0), ^p{^) = and Ua{x) = Uq,(Ax), then we will get 

JBs JBs 

where g' = e'^^'^^^\{dx)^ + {dyf). We also ought to note that an a-harmonic map sequence 
Ua may have several bubbles near a blowing up point, for example, there are sequences A^, A^, 
s.t. 

as a ^ \, and 

vl{x) = ua{\lx)^v^ in CL(R2), vl{x) = ua{\lx)^v'' in Q^R^ \ {0}), 
where w^, are non-trivial harmonic maps from 5*^ to N. For this case, we have 



i.e. is in fact a bubble for the sequence v^. Therefore, we need to consider the equation 

of u^, and one is easy to check that is locally a critical point of the functional 

nv)= [ {{xi? + \^v\'rdVg^, 

JBs 

where g^ = e'^^^"^^ {{dx)"^ + {dyY). For this reason, we need to consider a more general a-energy 
which is of the following form: 



Ea,eAu)= I {ea + \VgU^\ydVg„. 

J Bx 



Bs 

Let Ua be the critical point of the above functional. Then, Ua satisfies the following elliptic 
system which is also called the equation of a-harmonic maps: 

Ag^Ua + (a - 1) "I " + A{Ua){dUa,dUa) = 0. (2.1) 

~T' \ ^ Qac I 
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Here we always assume that the sequence ea {ea < 1) satisfies 

lim ea""^ > (3o>0. (2.2) 

It follows from (jl.3p that this assumption is reasonable. 

From now on, we consider Ua to a map sequence from {B,g) to {N,h) which satisfy equa- 
tion (j2.ip . We assume that g = e"^" ((dx-^)^ + (dx^)^) with (paiO) = and (pa ^ ^ smoothly. 
Moreover, we assume that Ua — > uq in C^^^{B \ {0}). 

Next, we recall the well-known e-regularity theorem due to Sacks-Uhlenbeck [S-UJ: 

Theorem 2.1. Let u : B ^ N satisfies equation 12. 1\) where B C M is a ball with radius 1. 
There exists e > and ao > 1 such that if E(u,B) < e and 1 < a < ao, then for all smaller 
r < 1, we have 

l|Vu||vi/i,P(BO < C{p,r)E{u,B), 
here Br C B is a ball with radius r, 1 < p < co. 
We also have 

Lemma 2.2. Let Ua be the critical point of Ea with Ea{ua) < ©• We have 

Po < liminf ||(e« + \ygUa\^T~^\\cO{B) < limsup||(eQ + | Vgiia]^)""^ ||cO(b) < /3i, 

where Pi is independent of a. 

Proof. Obviously, we only need to prove ||Vgiia||^o^^^^ < C. We assume that there is sequence 
CKfc 1, s.t. llVgUoj, 11^0^^^ +00 as A; ^ +oo. 

Let iVgUaJixa^) = max{\V gUai,\}, and Afc = — r, Vk{x) = Ua^ixa,^ + Afcx). Then a 
subsequence of {vk } converges to a new nontrivial harmonic map from 5^ to N. Then by (fOj) . 

1— aj. . 

we obtain the following A^. ^ < C, which contradicts with the choice of a^. □ 



2.1 Variational formula 

Take an 1-parameter family of transformations {^s} which is generated by the vector field X. 
If we assume X is supported in B, then we have 

Ea,eAuo<Ps) = [ {ea + \VgiuO(l),)\^)''dVg 
J B 

{ea + Y,\d{uocP,)iepix))\YdVgix) 

P 

+ Y,\du{<t>sAep{x)))?rdVg{x) 
/ (e„ + ^ \du{(t>Uep{<l,~\x))))\^r.Jac{<l,~^)dVg, 

J B r. 



B 
B 
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where {ca} is a local orthonormal basis of TB. Noting 

^Jac{cPj^)dVgU=o = -div{X)dVg, 

we have proved the formula 

dEf{u){u^{X)) = -/(€„ + \Vgu\'^Tdiv{X)dVg 

J B 

+2aE / {e^ + \Vgu\^r-\du{VeBX),du{ep))dVg. 

13 J B 

Now, we assume Ua to be the critical point of E^- For any vector field X on B, we have 
-I (ea + \VgUo\''TdivXdVg + 2a V / (e„ + \V gUo\''T-^ {dua{V esX),dua{ep))dVg = 0. 

J B ^ J B 

Next, for < < f < p, we choose a vector field X with compact support in Bp by 
X = r]{r)r-^ = r]{\x\)x^-^, where rj is defined by 



ry(r) = < 



1 if r<t' 
t-r 

tf t' <r<t 

if r>t, 



where r = ^/ (x^)^ + (x^)^. By a direct computation we obtain 

dip 

div(X) = 2r7 + rr/' + rri-—, 

or 

and 
Then, 

Y,l3{dUa{Vef,X),dUa{ei3))dVg = {duaiV aX),duai-£T))dx + {dua{V BX),dua{-£^))dx 



= (r?|Von,|2 + 7?V|^|2 + 0(|x|)|Von,|2)dx, 
where Vq is the Riemannian connection with respect to standard metric. Hence, we derive 

= (2a -2)/ 7]{ea + \VgUafT-^\VoUafdx 

J Bt 

+ I 0{\x\){€a + \VgUa\^)''-^\VoUa\^dx 
J Bt 

-2e« / r?(ea + \VgUafr-'dVg + [ r(e« + \Vgu\^r-^dVg 

J Bt C - C J Bt\B^, 

+7^ I (ea + |Vg^Xa|2)"-M|Vona|V - 2ar|^|2]dx 
t-t J Bt\B,, or 



t\B, 
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Letting t' ^ t in the above identity and using Lemma 12.21 we obtain the fohowing 

/ (£« + \VgU^fr-'\^\'dso f (e« + \Vgn^\^r-'\VoUa\'dso 

J dBt dBt 

= / {ea + \VgU^\'r-'\V0Uafdx + 0{t), 



where dsQ is the volume element of dBt with respect to the Euclidean metric. We know that 
the metric g can be written as g = e'^((ir^ + r'^dO'^) in the polar coordinate system. Set 



1 duo 



r do 

Since |VottaP = l^f^P + |^^a,6»Pj we get from the above identity 

2a J QB, ' 5r ' 2aJ qb, 

= / {ea + WgU^\''r-^\Vou^\^dx + 0{t). 

at J Bt 

2.2 Pohozaev identity 

Denote Aq = g^frp- + g^iyi ■ By (|2.ip . we have the equation: 

A I f ^^ VolVgnapVong , n/, , ^ n 

AoUa + {a- 1) — -— p5 \- A{Ua){dUa,dUa) = 0. 

Cq + I VgUol^ 

As in [Lin-Wj . we multiply the both sides of the above equation with to obtain 



(2.4) 



/ r— — AoUadx = -(q - 1) / 

J Bt or J Bt ea 



dr 

Vo|VgtiapVott dUa 



r— — dx. 



Bt + IVgMop dr 



It is easy to see 

[ r 

Bt dr J QB. ' dr 



dUa . , f \dUa.2j 

r— — I\QUadx = I r|— — | asQ 



[ Vo{r^^)VoUadx. 
J Bt dr 



Since 



/ '^o('^~^)'^OUadx = J \/o{x''^^)VoUadx 

J Bt J oJ ^ or 



-rdOdr 



I l^OUafdx + }- \VoUa\'^tdso - / \VoUa\'^dx 

J Bt dBt J Bt 

\VoUaftdso, 



then, we have 
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Hence, it follows 

I |2n, 2(a-l) f VolVgUapVo^a dua , 

dBt 9r t J Bt + NgUar dr 

Thus, we obtain two key variational identities (j2.4|) and (|2.6|) which will be used repeatedly in 
our following argument. 

3 The proof of Theorem 11.11 

In this section, we discuss the weak energy identity on a sequence of a-harmonic maps. By 
following the idea of Ding and Tian in |D-Tj we will apply (j2.4p ()2.5p to give the proof of 
Theorem 11.11 

Let i?2o- = B2a{0) be a ball in M? with the metric g = e'^'^^^\dx^ (gi dx^ + dx^ dx^), where 
if E C°°{B2a) and (pa{0) = 0, and converges smoothly. We set Ua ■ -620- ^ be a map 
which satisfies equation ([H]). Clearly, ([l^D, (l23|) and ([iJl) hold. 

We assume that for any a 

Ea,ea{'^a, Ba) < Ci, 

and is the only blow-up point in B2a- Without loss of generality, we assume Ua uq in 
^loc^^'^ \ {'-'})' where uq is a harmonic map from Bf^ to A^. 

We can get the first bubble in the following way. Let G Bs s.t. |VtiQ,(x^)| = max|Vtia|, 

Bs 

and = maxB^lv^ | " Then, without loss of generality, we may assume in C;^^(M^) 

Now, we assume there exists another no — 1 bubbles v'^, • • • , and sequences xj^, s.t. 

Uaixl, + A» ^ v' 
in C;^^(M^ \ ^4*), where are finite sets. Clearly, we may assume 

= . {A^}. 

Moreover, we assume that for any i 7^ j, one of the HI and H2 holds. 

3.1 The weak energy identity for the case of only one bubble 

First we prove the Theorem 11.11 in the case of no = 1, where no is the number of the bubbles. 
The general case will be explained in the next subsection. 
We denote A^ = A^, x^ = x^, and v = v^. We define 

Aa{R)= I \VgUa\^°dVg, A= lim limA„(i?). 

and 

/.= hm A2-2". 
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By (|1.3p . we have A = ^E[v). Moreover, we also have 



Um hm / Ua + iVoUoP)" ^iVoUoPdVo 

Um hm [ (e«A2 + |Vgt;«|2)"-iA2-2°|Vot;ap(ix (3.1) 
IX / iVoupdx = A. 



Furthermore, we claim that for any e > there exist 5i and R such that, VA G (^^^,45i) 
there holds 



/ 



VgUo\'^dVg < e. (3.2) 



Suppose that the claim is false, then we may assume that there exist — > 1 and A^ — > 

A. 



satisfying > +oo such that 



\VgUafdVg>e. (3.3) 



Denote v'a.{x) = n^. (A^x + Xq,J, we may assume v'^^ — > v' in C^^^(M^ \ ({0} UA),N), where A is 
a finite set which does not contain 0. If „4 = then it follows from (j3.3|) that v' is a nonconstant 
harmonic sphere which is different from v^. This contradicts the assumption uq = 1. Next, if 
there exists xi G A, then, by a similar argument with that we get v = v^, we can still obtain 
a sequence — > xi, Aj — > 0, s.t. v^{xi + Ajx) converges to a harmonic map v'^. Hence we get 
Uaiixai + Xi{Xa^x + Xi)) Converges to v"^ strongly, and then v"^ is the second harmonic map. This 
proves that the claim ()3.2p must be true. 

Set 

1 f^^ 

K = Ua{xa + re'^)de. 

27r Jo 

One is easy to check that, for any a < b, the following inequality holds true 

fill* [''^^ " 

^^""^^^dx = I ^d0 dOrdr 



Bb\Ba(xc,) dr ■ J a Jo 



2tt J Q dr 



1 r'^'^ rill f'^'^ 

< ^ i &dO d9)rdr (3.4) 



2vry a Jo dr j q 



aJo dr J B,\Ba{xc) 9r 

By applying (j3.2p and Sacks-Uhlenbeck e-regularity theorem (Theorem 12. ip . we have the 
following 

Lemma 3.1. For any RX^ < a < b < 5i, we have 



L 



Bi,\Ba{Xa) J Bii\Ba{Xa) 



Vlua\r\SJ gUa\dVg <C \VgUa\'^dVg. 
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and 



/ IVglial • \Ua - U*JdVg <C \VgUa\'^dVg, 



where C does not rely on a. 

Proof. First, we prove the first inequality in the above lemma. We assume that 2^a G (6, 26) 
and set 

A = B2^a \ B2i-iaiXa)- 

We rescale Di to i?2 \ ^ii and Ua to Ua- By Theorem 12. II (the e-regularity theory), we have 
on Di 

1 Ci 

\^g'^»\ < ^rT^\^0^»\cO{B2\B^) < ^rT^\\^0^»\\L^Bi\B,/2) 

^1 11^ II 

Hence, it follows 

lkV3'"a|lcO(D0 < 2Ci|Vg-Ua| < C2\\V gUa\\L^(D,+iUD,UD,.i) 

Similarly, we have 

lk^V^Ua||co(£,-) < C2\\V gUa\\L2(Di+lUDiUDi^l)■ 
Tl^en we have 

\^gUa\'^dVg / ^ 

< C [ \VgUa\'^dVg. 

Therefore, we get the first inequality in this Lemma. The proof of the second inequality goes to 
almost the same. □ 



3.1.1 The estimate of \ „ , n lunol'^dx 

J Bs\BjiXa\Xa) ' 

The goal of this subsection is to prove the following 

Lemma 3.2. For a-harmonic map sequence Ua (a ^ 1), there holds true 



lim lim lim / \uae'\^dx = Q. 

5^0 R-^+oo a^l J BAB„^(xr.) 



Proof. We adopt the technique of Sacks-Uhlenbeck [S-U| and |L-Wj to show the lemma. Using 
()3.2p we have 

\K{r)-na{r,d)\<ei. (3.5) 

We compute 
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[ \VgU^\'^dVg 

= / VoUaVo{Ua - U*^)dx + / V gU^V gU*^dVg 

= - AoUa{Ua - U*^)dx + / VoUaVoU*^dx 

J BAB„. (x,^) J BABr,.(x^) 



Bs\BhX^(Xc.) J BASflAc(^c) 

+ / -Trriua - ujdso (3.6) 

J d{Bs\Biix^(x^)) Or 

A{Ua){dUa,dUa){Ua - Ua)dVg 

Bs\BiixJxc) 



+(a-l)/ , 1^ T^{ua-u^)dVg 

Bs\Brx^{x^) ea + \VgUa\ 

dua, , , f dug 9n* 

d(Bs\BRx^{x„)) ur J Bs\Brx^{x^) dr dr 



+ [ ^^(Uq, - M*)dso + / 

J d{Bs\BRx^{x^)) or J 

On the other hand, noting (j3.4p we have 



dx. 



dx 



r ^^dx < J [ \^\'dx[ 

J Bs\Br,^{x^) or dr \ J Bs\Br;,^{x^) Or 7 baBaaJ^^c) ^r 

< f l^fdx. 

J Bs\BrxJx„) dr 

Hence, by using Lemma \3A\ (j3.5p . (j3.7p and noting the following fact 



we can infer from (13.61) 



< |V>a|, 



/" \VoUa\'^dx < [ \^\'^dx + 3C{a-l) [ \VgUa\'^dVg 

J Bs\BrxJx^) J Bs\Brx^{x^) or J 

f dUa , , 

+ / - Ug)dsQ 

J dBsixc) or^ 

-^{Ua-U*JdS0 

dBRx^ixc,) or 



\VoUa\'^dx, 

Bs\Brx^{xc) 



where e[ = ei P||ioo(A^). 



Since |Von„|2 = + |M„g|2^ we get 



I {ua^el'^dx < -[ ^^{ua-K)dso+ [ ^^{ua - u*^)dso 

J Bs\Brx^{x^) J dBsixo,) or J dBRx^{x^) or 

+C'((a-l) + e). 

Keeping (j3.2p in mind, we have 
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-Tr-{ua — u*n)dso = 0, 



and 



lim lim [ ^7r^{ua - u*^)dso = 0. 



Hence, we can see the above inequality implies the conclusion of Lemma [37 



Immediately we infer from Lemma 12.21 and Lemma [37 
Corollary 3.3. There holds true 



lim lim lim / (ca + iVgUop)'^ ^\ua el'^dx = 0. 



3.1.2 The energy of the neck 

We set 

^ ^ tQ -p I V LLq, 



Fa{t)= I (ea + |V„n„|2)°-i|Von„|2dx, 



and 



By ([13]), for t e [e,to], we have 



Then 



(1 - - -^E'g^^ = ^JiogA,F„(t) + 0(AilogA,). 

2a 2a a 

[1 - ^)Er,a(.t) - ^Ee,a{t) = \ f [- \og X^J^'^'^^ F^{t) + 0{\i\ogK)\dt. 
2a 2a 2Jia 



□ 



io 

It is easy to check that the sequences {(1 — ■^)ErAt) — ^Ee^ait)} and {Fa{t)} are compact in 
C^{[e,to]) topology for any e > 0. Therefore, there exist two functions F and Er which belong 
to C''([e, io]) such that, as a ^ 1, 

Fa^F, Er,a^Er in C\[e,to]). 

Hence, we infer from the above integration equality 

Er{t) = -log fi f Fdt = -log fif {Er{t) + F{to))dt. 
J to J to 

This implies that Er{t) £ and 

E', = -logfl{Er + F{to)). 
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It follows 

Er{t) = f,'^'-'F{to)-F{to). 



Next, we prove that 



lim F{to) = A. (3.8) 



Integrating ()2.3p with respect to t on the interval [i?Ao,A^'] we obtain 

Faito) - [ iea + |VgU„|2)°-l|Vo'U«|2dx 



< C {€a + \VgUa\Y~^\UaM^dx 

f^' a -I 
+C / dr + C(Aio - /?Aa) 



R\ 

Noting the following holds true (from Corollary 13.3 



lim lim lim / {^a + gUa\^)"' ^|uq, el^dx = 0, 



and 



lim lim lim [ — dr = lim —logii = 0. 



Thus, (j3.8p follows from the above inequality in view of (j3.ip . 
On the other hand side, we have 

/ (ea + I'^gUal'^T^^lygUal'^dVg = Er,a{t) + Ee,a{t) + F^{to). 

Noting Corollarv l3.3^ i.e. lim Eg^ait) = 0, we can deduce the following 



lim f (e„ + \VgU^?T-^\VgU^\''dVg = Er{t) + F{to) = l^'''-'F{to) 

B.t (xo,) 

Thus, we have shown the following 

Lemma 3.4. For any t G (0, 1) and > with lim e"~^ > /3o, there holds true 



lim f {ec, + \VgUc,\^T-'^\VgU^\^dVg = ^^^-'K. 

B^t {x^) 



Proof of Theorem 11.11 Here we restrict us to the case of one bubble. By taking almost the 
same argument as we proved p.Sp . we obtain 



lim lim lim. / {e^ + gUa?T~^\^ gUo\^dVg = Ql, (3.c 



Bs\B^t (xc,) 
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which leads to 

hm hm / (e„ + |V„u„p)°~^|V„n„p(iVg = fiA = n^E{v). 

Obviously, this implies the required conclusion. So we have completed the proof of Theorem ll.il 
in the case that uq = 1. 

3.2 The weak energy identity for the case of several bubbles 

For the general case that uq > 1, the proof can be completed by induction in uq, the number of 

bubbles. 

We set 

X'^ = max{\xi-xl\ + \Xi\}. 
t 

Without loss of generality, we assume = and A'^ is attained by the no-th bubble, i.e. 

\' _ U'^OI I I \ no\ 
~ l-^a I "T l^a |- 

Let Va{x) = Ua{X'^x). Then Va will converges to vq except finite points. Since AJJ° and 

satisfies HI or H2, then we have '^^i ' +oo, or > +cxd, and therefore we have -rf +oo. 

So, it is easy to check that is a blowup point of the sequence {va}- 

Similar to the proof of (j3.2p . we have for any e > 0, there are 6i and R s.t. 

/ \VgUa\'^dVg <e, yX£ {RX'^,Si). (3.10) 

We set Va{x) = Ua{X'^x) and assume Va ^ vq. Then using the arguments in the above subsection 
(in this case -F(to) 1™ 1™ Ea{va, Br) as to — *■ 1)> we have 



lim / (e„+|Vn„p)°-i|Vn„|Wg = lim(A'„)2(2-2") Um Hm/ iX'^ea+\Vva\'^)'^-^\Vvo,\ 



Moreover, (jS.lOp implies that all the blowup points lie in Bpi for some > 0. 

The rest of the proof will be divided into two cases: i) vq is a non-trivial harmonic map. ii) 
vq is trivial. 



In case i), vq is a bubble, then we can assume vq is in fact one of v^'s for i G {2, • • • ,no}. 
We set v'^° to be equivalent to vq, then lim(A')^~^" = /^mo) ^-^d E{vq) = E{v"^°). Since there 

is only no — 1 bubbles of the sequence {va}, by induction, we have 

lim / {X^ee, + \Vva\^r-'\Vve,\^dVg = E{vo, Br) + V {^)^E{v'). 

In case ii), one is easy to check that ^^Sq^ — > +oo. Then xq = lim %- which lies on dBi is 

a blow-up point. Then there are at least two blowup points and xq. So, at any blowup point 
of Va, there are most no — 1 bubbles, and then we can use the induction. Hence, we will get 

no 



^ jA^« + \Vva\')--^\Vva\'dVg = Y^ ^^^'^^)2-2j E{v^)- 
Thus, we complete the proof of Theorem ll.il 
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4 Description and further analysis of the necks 

In this section, we always assume there is only one bubble on some small ball Bs- 



4.1 The proof of Theorem 11.21 in the case u = 1 

In this subsection, we assume v = 1. Then we have = 1, and 



(5^0 i?— >+oo a^l 



lim lim lim / \ygUa\'^dVg = 0. (4.1 



We will use the arguments of Ding fD] . 
For simplicity, we assume 

log (5 - log R\c 



log 2 

is an integer. For any integer A; G [1,P — 1], we set 

where t + k < P and k — t > 0. 

Using the same approximate method as in Section 3.1, we can conclude that on Qkit) the 
following inequality holds 



/\VQUa\'^dx < / A{Ua){dUa,dUa){Ua — U^)dx 

Qk{t) J Qk{t) 

+C{a-l) \Vou^\^dx (4.2) 

J Qi-{t+2) 



Qk{t+2) 

— {Ua-uJdso+ / \^\ dx. 

dQkit) * J Qkit) * 



Next, we will apply Pohozaev identity (j2.5p to controll the last term in the above inequality, i.e. 
■^Qfc(i) l^r^l^^^' ^^^^ convenience, we set 

VqlVgUaPVoMo, dUa ,^ , f VqI VgUo-PVona dUo 



H[r) = - / I ' 7:5— r— — dVg = - / 

J BAx^) e« + V^qUaV Or ^ J i 



r— — dx. 



Mxo.) + iVgUap dr J Br{x^) + iVgUap dr 

Using Lemma |3.H we have 



\H{r)\ < / \y^uM^\dx + \H{R\, 

Br\Bn^Jx^) or 



< 



C I iVoUal^dx + \H{RK)\ < C, 



where we use the fact 



lim \H{RXa)\ < lim / | V^Ua|r| V„na| = / \Vlva\r\VoVa\dx < C{R). 

"-"^^ Bnx^(x^) J Bn 



Therefore, combining these with (|2.5p we obtain 
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Qk{t) 



(9Ua|2, 1 

— - — \ ax 

dr ' 2 



\Vou\^dx < C 



a — 1 



dr < C{a - l)t. 



It follows (14. 2p and the above inequality 

(J - ei) / iVon^pdx < C{a - + 1) + / 



On the other hand, we have 



dQk(t) 



dr 



dQkit) 



dr 



{Ua - U*Jdso 



< 



< 



dQkit) 



I dUa I 

dr 



'dsr 



dQkit) 



, du, 



a 1 2 



dQkit) 



dr 



dso 



dQkit) 



\ua,e\'^r'^dso 



1 

< - 
- 2 



dQkit) 



I dUa I 

dr 



'rdso + 



]- [ r\Vua\'^dsQ 

dQkit) 



RK 



dB^t+kjix^i^a) 



dQkit) 



IVoMol^dso 



\ua,e\ rdsQ 



RK 



Let 



From (|4.4p we know 



fk{t)= I iVn^l^dx. 



IVoMopdSQ. 



dQkit) 



dug 
dr 



1 



Hence, by combining (14. 3p and the above inequality we have 

(1 - 2ei)/fc(t) < ^f'kit) + C{a -l){t + 1). 

Multiplying the two sides of the above inequality by 2~(^~^'^i)* and integrating we obtain 

/,(!)< C2-(i-2^i)*V,(ti) + C(a-l). 
It is easy to check that, if we set 



k if 2k-l<P 

P-k if 2k-l> P 



then, we get 



for some positive a and C. 
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By the standard LP estimate, we have 



These inequahties imply 

< Cy/E{ua,Bs \ Brx^ (xa)) + C(ii, 5)^/^^ + C log A-v^. 
Letting a ^ 1, and then R — > +00, 5 ^ 0, we get 

Thus we proved Theorem 11.21 in the case 1/ = 1. 
4.2 The details of the neck when u > 1 

The goal of this section is to show the neck converges to a geodesic in N and furthermore 
calculate the length of the geodesic. 

For this sake, we will consider the behaviors of Ua on dBxt (xa) with t £ [t2,ti], where 
< t2 < ^1 < 1- By the arguments in section 3.1.2, we can see easily that 



L 



'B.t (Xa) 

in C^{[t2,ti]). Then, it is easy to yield 



\VgUa\'^dVg 



in ^^([^2) Therefore, for any t € [t2)*i]i we have 



(4.5) 



i.e. Ua\dB t i^ct) will subconverge to a point belonging to A^. Especially, we have that, as a ^ 1, 

Ua{dB t^) ^ yi £ N and Ua{dB t^) -^y2^ N. 

Act 



For simplicity, we will use "'{r,6y'' to denote "xq, + r(cos0, sin^)". Now we can state the 
main results of this subsection as follows: 

Proposition 4.1. When v > 1 and < t2 < < ti < 1, we have, after passing to a 
subsequence, 

lim - / \uae\^dx = (4.6) 

a-la-17 B tct\B.tAxct) 
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for any R > 0, and 

^=(ua{X^^r,e) - Ua{X^^ ,0)) ^alogr 
— 1 V / 



strongly in C {S x [j^, R],M"'), where 6 is the angle parameter of the ball centered atXa, a £ TyN 
is a vector in M" with 

1- lim ta I E(v) 
\a\ = n ■ ' 



TT 



and y = lim ^^(A^ , 9). 

a—*l 

To prove Proposition 14. H we first prove the following 
Lemma 4.2. When u > I and < t2 < ta < ti < I, we have 



lim — - — / \uae\'^dx<C (4.7) 



where C does not depend on R. 
Proof. We set 

Here we assume 2* < A"*^, where 

e < min{t2, 1 — ^i}- 
Applying (j2.5p . we get from (j4.2p the following 

(J-ei)/ \Vou^\^dx < ia-l){[^^^ -H{r)dr + c[ iVo^^l'dx) 

J dQ{t) dr 

For any r G [A^""*"^, A^°~^], it is easy to check that 

\H{r)-H{\i-)\< [ \vlu^\\r^\dx. 

J B to.-.\B^t^+,{x^) or 

Using Lemma [XU we can get 

/du f 
iV^Ucillr— -^Idx < C \VQUa\'^dx. 
B t^.,\B t^+,{x^) or J B ..,\B.t^+4xc,) 



(4.8) 



By integrating (12. 3p we obtain 



1 /•2X r Q 

(1-77-)/ " {ea + \Vgna\'r-'\^\'dso 



1 r2X^ r \ r)')i n 

IT {e. + N9U^\'r-'^\^\ dso (4.9) 



I " i^-^^f (e„ + |V,n„p)"-i|Von„|2(ix)d5 + 0(A2(*«-)). 
V lxi"+' \ as J Bs{x^) I 
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By Corollary 13.31 we know that the second term on the left hand side of the above inequality 
vanishes as a — > 0. On the other hand, noting the fact (ea + | VgUa^)"""'^ is bounded, we have 

J ixi-+^ \ as J J 

Noting the fact limQ,^i ej^~^ = /9o > 0, we can infer from ()4.9p that, as a is close to 1 enough, 
/" iVon^pdx < Ce(log + i) + 0(A2(*«-^)). 

-B„,ta-£\-Bl ,tQ,+e{a;a) 

So, when a is close to 1 enough we can always choose e such that 

cl |Vou«pdx < Ce(log/i+ 1) < ei. 



Hence, we have 

H{Xi-) - ei < /7(r) < H{X'-) + ei. (4.10) 



Let 



fit)= I V^gUa?dVg= [ \VoUc 
JQH) JQit) 



lQ{t) JQ(t) 

By using a similar estimate with ()4.4p and (|4.10p . we infer that as a is close to 1 enough there 
holds 

(1 - 2ei)/(t) < T^nt) + (q - l){at + ei), 
log 2 

where 

a = 41og2i?(A^")+ei. 

Then, it is easy to see 

(2-(i-2ei)i_^y > _(a-l)(at + ei)2-(i-2ei)tiQg2. 

Hence, we get 
Then, it follows 

f{k) < Ci(A;)2-(i-2^i)V(r) + -^^{ei + ak + + aC2{k)aT2-^^-^^^^^). 

1 — lei log 2 

Let 2^ = \-\ Then 

/" iVo^x^pdx < C7(A:)Af-'^^) + -^^(i/(Ai")4Hog2 + -^ 

J B^u,^^.\B.,tM l-2ei log2 



+C(fc)A^('-'^^hogA,). 



23 



On the other hand, by (j2.6p and (j4.10p . we get 



/ 



Therefore, subtracting (|4.1ip by (j4.12p we obtain 

,(i_2,i) (a - 1) 



(I^P - \uo.,e?)dx >{a- l)4Hog 2(if(AL-) - ei). (4.12) 
) or 



2 / \ua,e\'^dx < C{k)\'^ 



+ 



{2eiH{X'^)4klog2 + 



l_2ei--^--- "'-"-°- ■ log 2 (4 -^3) 
+Cik)\%^^'^''^ log A„) + ei(a - l)4fe log 2. 



Since = lim A^,^" > 1, it is easy to see that, for any m > 0, 

A^(i-2^i) = o((a - 1)™). 
Then, noting ()4.14p and letting ei — > in the above inequality (j4.13p . we get 



(4.14) 



lim 



Uae\ dx < 



a^l a — 1 I a , \ R , , ("t V 2 log 2 

where a' is a constant which does not depend on R. Thus, we finish the proof of the lemma. □ 

Now, we are in the position to give the proof of Proposition 14. 1[ 
Proof. First we show (j4.6p . Since lemma 1^2] savs 



/ 



a — 1 



-dx 



2*aL" I 1-271 I dug 1 2 



^-de)dr 



< 



21og2' 



for any e > 0, we can always find ko which is independent of a, s.t. there exist 



such that 



and 



Then 



1 



a — 1 



\un ff\ rds 



1 



OB tai^c) 



2tt 



dUa 



a — 1 



\un o\'^rds 



a — ij Q 89 



{L^X'-,9)\^de <e, 



aQ{logL^/log2) 



dUa 

dr 



dS 1 [Xa) 



{Ua — U*a)ds 



1 



a — 1 y 



< e. 



< 



" 1 2 J 
r — - — as 



aQ(logLc«/log2) 



5r 



90 



9Q(logL<,/log2) 



I^Ua 2 , 

r|— — as. 
or 
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From Lemma 12.21 and (j2.3p . we get 

[ r\^fds < c[ r\ua,e\'^ds + C{a-l) + CX*^ 

J aQ(logLc«/log2) * J aQ(logL<,/log2) 

< {C + e){a-l). 

By gSD and KW\i . we get 

{l-2ei)[ |Vou„|2dx<ei(a-l) + 2(a-l)(2i?(Ai")logL„ + e). (4.15) 



Noting ()4.10p we can infer from (j2.6 



(1^1 -|n„,0|2)dx= / -H{r)dr, 



which imphes that 

^ / {\^f-K,e\')dx>4logL^{HiXi-] 



a — 1 



Combining (j4.15p with the above inequahty we conclude the following inequality holds true as 
a is close to 1 sufficiently 



1 



a — 1 

Thus, we have shown (14.61). 



\ua el'^dx < ei + Ce. 



B, ,ta\B 1 ,ta[Xa) 



Next, we turn to proving the remaining assertions of Proposition 14.11 
For {to} C [^25*1], we assume 

As is regarded as an embedded submanifold in M.^ , for simplicity, we may assume y = ^ N 
and TyN = M", where = M" x M^"". We also let A'^ = A^" , x'„ = (A'^, 0) + x„ and 

By (14.111) and Theorem 12.11 we get 

l|Vn'Jbo(B^,\B,_,) + l|V2<||co(s^AB,-.) < C{k)V^^, 

and then 

l|Vt;a||cO(B2,\B2-fc) + \\^^v4co{B^,\B^_,) < C{k). 

Noting that Uq,(1,0) = 0, we get 

\\Va\\c^{B^^\B^.^) < C'{k). 
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Obviously, we have the equation: 

Aot;^ + \/a - l{A{y) + o{l)){dva,dvc,) + (a - 1)0(|V\„|) = 0, 
hence, the sequence 

vo in CLiR' \ {0}) 

where vq satisfies 

AqVq = with vq = vo{\x\). 

Set 

V = (ai,a2,--- ,a„,0, ••• ,0)logr. 

We deduce from (|2^ that 



2 

Recalling that 



and keeping (j4.6p in our minds, we infer from the above identity and Lemma [2. 21 that, as a — > 1, 



/■ 2a r^^"" 1 

/ (e„ + |V'u„p)"-i|Vot;apdx = -/ -F^(log;,^ + o(l) 



log2F„(t«) + o(l) 



2a - 1 



2 log 2F(lim ta). 



On the other hand, we have that, as a ^ 1, there holds 



{ea + \VUa\'^)"'~^\VoVa\'^dx = I ( Cq + | Vg ?;q ^ — -y^- ) \\/oVa\'^dx 



lim ia . .r, 

^ 27r/ia^i |aflog2. 

Hence, we get 



with 



lim Va = (ai, • • • ,a„,0, • • • ,0)logr 

a— >1 



En A 1—2 lim ta 
a, = -/X 

i=l 



As V : S'^ — > N is the corresponding only bubble, then the above identity can be written as 

,^,9 E(v, S"^) 2-2 lim ta 

UK = ^^-^ -II. c«^l 



Thus, we complete the proof of Proposition 14.11 □ 
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Corollary 4.3. Let ak be a sequence s.t. 

k 

in C^{[t2,ti]) with respect to C^-norm. If v > 1, then 



2Xi 



1 , du, 



At \/a-l dr 



-\dr ^ log2/i 



Eiv) 



IT 



in C^{[t2,ti]), and 



in C^{[t2,ti] X 



' :W%l)(Ai,^)-/. 



i-t 



y/a-l dr 



Eiv) 



IT 



Proof. We need only to prove the first claim, since the proof of the second claim is similar. If 
the first claim was not true, then we assumed that there was a subsequence a^., ti — > to s.t. 



2A„ 



1 du, 



\dr — log 2/i 



i-ti 



Eiv) 



> e > 0. 



On the other hand, from the above arguments on Proposition 14. II we know that, after passing 
to a subsequence, there holds 



with \a\ 



1^ 



Ua^,iXa^,x) -Ua^^iXa^^,0) 

y/a — 1 

. Hence we derive the following 



a log r, 



lim / 



1 du, 



\/a - 1 dr 



1 



-|dr = |a| / -dr = log2/i 



l-to 



Eiv) 



TT 



This is a contradiction. 



□ 



4.3 The proof Theorem 11.21 in the case v > 1 

First, we need to show the necks for the a-harmonic map sequence converge to some geodesies 
in N which join the bubbles. For this goal, we denote the curve 



r>27r 

by Fq,. For simplicity, we set 



1 r^- 

^air) = — I Uair,9)d9. 

Jo 



First, we claim that if Fq, — > F, then F must lies on N. This is a direct corollary of (j4.5p . Next, 
we will prove a subsequence of F^ will converges locally to a geodesic of N and then give the 
formula of length of F. 



27 



By computation we have 

^ f.27r 



1 r^"" 

—j^ Ua{r,e)d9 



— I Aou^de - — / ^de 



2vrJ 27r Jo ^ 

= / A(Ua)[dUa,dUa) ^ / 2 i IV7 12~"^ 

U0e{r, e)de = 0. 



where we have used the fact 

r27r 



/ 

Jo 



10 

Let 

n - ■■ ^» 

Ltq, — —LJa • 

r 

Denote the induced metric of Fq in by /iq, and let Ar„ be the second fundamental form of 
in M^. 

Given G [^ai^^a]- before, we always have 

>■ u iog r , 

— 1 

where a G Tj^iV and y = lim ^^^(A^", 9). Therefore, we have 

a—^l 



where o(l)— >-Oasa— Moreover, we have 

r-2-K ^, 1 f■2^^^ 



<^a(^a ) = 7^/ A{Ua){dUa,dUa)de + — / ' , . ' T^dO 

2vr.7 27r 7 + I Vg-UaT 



a - 1 , 1 



27r /•27r 

2, , , ^(y)(a,a)d0 + o(l)) + (a-l)/ OdV^UaDd^ 
" Jo 



A^ ^27r^ 
= ^{A{y){a,d) + o{l) + 0{V^)) 
a - 1 

= ^2i^(^(2/)(«'«) + o(l))- 
In the above identity we have made use of the fact v > \ which implies that for any m > 

A^ = o((a - ID. 
Noting that {A{y){d, a), a) = 0, we get 

-AY^{dWa,dWa) = i^a ^ = -Ga -| TT-fa 

I'^l (4.17) 

a — 1 



2to 



-(A(y)(a,a) + o(l)). 
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Hence, we get 

Similar to the proof of Corollary 14.31 we have, after passing to a subsequence, 
for any t £ [t2, 

Now, we fix y G A^, and let s to be the arc length parameter of ujait) with s(A^) = 0. We 
assume ^^(A^"') ^ y as a ^ 1. It is well-known that H^rdll (A^") does not depend on the 
choice of parameter, and 

then uja{s) will converges locally to a;(s) in C^, where s is still the arc length parameter. This 
implies that rQ,L tj, converges locally to a curve T locally. We claim that 

duJa duJa. .,duj duj 

strongly in C^([0, si], M") for sufficiently small si. If this was not true, then for any small si we 
could find a subsequence of {ua}, still denoted by such that 

r-A: 



s'a= j \'^a\dr S £ (0,Si) 



s.t. 

dwa duJa. .,duj dw 



> e. 

s=s' 



To apply Proposition 14.11 we must ensure that t'^ G simplicity, we may assume 

Aq = 2 A^ where P is an integer. Then, applying Corollarv 14.31 we have 



Therefore, as a is close to 1 enough. 



t2 

JuJa\dr = I J \^a\dr > P^/^^ J^log2 + o„(l) 

> C(t,-|)logA^v^ 

> C- log > 0. 

2 ^ 

Therefore, we may always choose si to be very small, for example si < log u, such that 
t'^ E [t'^i]- Then, as before there holds 

Ua(AL"r,0) -u„(AL",0) 
^= > a' log r. 



29 



Obviously, 

t' 

i^ai^a) doJa , / x duJ , , 



|u;„(AL")| 

Applying (|4.16p and ()4.17p . we get that, after passing a subsequence the following holds 

which contradicts the choice of s'^. So, we infer that 

duj , ^ duj , ^ , , , ,doj duJ ^ ^ 

holds near s = 0. This shows u) is smooth near and satisfies 

d'^uj )(^^ ) 
ds^ ds ' ds 

Therefore, we obtain finally 

duj d^uj _|_ ){'^ ^) 
ds ds"^ ds^ ds ' 

which means that F is a geodesic. 

Next, we calculate the length of the geodesic F. For simplicity, we assume = 2^A 
some integer P. Then we have 

log 2 

When V = +oo, by CoroUarv 14.31 we have 



Then 

This implies 



^ ^(V^ log 2 + 0(1)). 

L(F«) > CP^/^^^ > C log A-^^ ^ +00. 
L(F) = +00. 



Now, we assume v < +oo. By Corollarv 14.3 



E(v) 



where OQ(l)^0asa— >1 uniformly. Hence 



L(F) = lim V^^pJ ^ log 2 = (ti - t2)A/ ^ log i^. 

a^l V TT V vr 
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Now, it is easy to see that to complete the proof of Theorem 11.21 we only need to prove the 
following: 

osc^^j \Biix {xa)'^a — > 0, as a — > 1, then R +00 and t — > 1 (4-18) 

and 

oscBf^\B t (xa)^a ^0, as a ^ 1, then 5^0 and t ^ 0. (4.19) 
Since v < +00 implies = 1, from Theorem ll.il we know 

lim lim lim / |Vtia|^ = 0. 

Therefore, we can use the same method as in Subsection 4.1 (we replace 5 with A^) to deduce 



oscb^,^\Brx^ ^ E{ua,Bxt^ \ Brx^ (x„)) + C(l - t) log u + CVa - 1, 

then (j4.18p follows. Similarly, we can prove (j4.19p . Hence, we derive the length formula of the 
geodesic F 

Thus, we finish the proof of Theorem II. 2[ □ 

Next, we want to give the proof of Corollarv 11.31 However, to prove the corollary we only 
need to prove the following proposition: 

Proposition 4.4. If u < +00, then when (a — 1) is sufficiently small, all the Ua are in the 
same homotopy class. 

Proof. When Oj — 1 and aj — 1 are sufficiently small, we have \\ui — UjUj^o < i{N) where i{N) 
is the injective radius of A^. Hence, by using exponential map we know that Uq,. and Uaj are 
homotopic in M \ Bs, B.t2 \ B.t^ and -B_ra„ respectively. 

Let p = tto(O) and q = v{+oo). By (j4.18p . we know that Ui{Bs{xa) \ B.t2 (xa)) is contained 
in a simply connected ball centered at p when a is close to 1 enough, 6 and t2 are small enough. 
Similarly, by (j4.19p we also have Uj{B^ti \ Bfi\^{xa)) is contained in a small simply connected 
ball in with center q when a — 1, 6 and 1 — ti are sufficiently small. Hence Ui and uj are 
homotopic in Bs \ B t2 and B t^^ \ Bji\^ respectively. So Ui and uj are homotopic. □ 



5 Some comments and an example 

In this paper we only consider the case Ua is an a-harmonic maps when the conformal structure 
of M is fixed. Naturally, one will ask the following problems (i) what could we say in the case 
Ua is an a-harmonic maps and the conformal structure of M varies with a, (ii) whether the 
methods in this paper can be extended to a class of variational problem which is more general 
than a-energy or not. In a forthcoming paper we will further develop some tools to discuss some 
issues which relate to the above problems. 

On the other hand, one want to know whether one can give an example to show there is a 
neck joining the bubbles in the limit of an a-harmonic map sequence is of infinite length or not. 
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However, if we can construct a manifold N and find a minimizing a-harmonic map sequence 
which satisfies the condition of Corollarv ll.3l then the corollary tells us that indeed there exists 
a necks in the limit which if of infinite length. By modifying the example of Duzaar and Kuwert 
(see page 304 of |D-Kj ) we can construct such example as following . 

Example. Let 1? act on by Tt^{x^ y, z) = (x+4A;i, y+4fc2, z+Ak^), where k = (fci, /c2> ^3) S 
Consider 

X = M3\U«r«(5i(0)) 

and X is the quotient of X. Then X is a compact manifold with boundary. Topologically, X is 
T'^ minus a small ball. 

Let $ be a conformal map from M2 to (9Bi(0), s.t. ^{x) = (1,0,0) when | x\ > 2 and 
$(3;) = (—1,0,0) when < 1, and deg{^) = 1 if we consider <I> be a map from 5^ to S^. 
Moreover, we let 7^ : [0, 1] ^ X be a curve connect (4A: — 1,0,0) and (1,0,0). We define 



$(x), |x| > 5 

flogr - logRe\ 

\ — J — \ 5- h Re<\x\<d 

V log — log Re J 

\x\ 



I T(,,o,0)(^(f))- 

We denote vr to be the projection from X to X, then vr(t'fc) S 'K2{X). We have 

r-<5 

Bs\Br, J Re 



J Re dr 

lillioo dr _ ||7||2„ 



< c- 



(— log Re + log (5)2 7 r log 6 — log Re ' 
[ \Vvk\'' <E{^), and [ \Vvk\^ < E{^). 

J R^\Bs J Br, 

So, we can find suitable R and e, s.t. 

E{7riuk)) = E{uk) < 2E{^) + 1. 

We claim that [vr(?;fc)] are different homotopy classes. Assuming this is not true, we can find 
a continuous map 

H{x,t) : X [0,1] ^ X 

s.t. 

H{x,0) = ir{vi) and H{x,l) = Tr{vj). 

Since S'^ x [0, 1] is simply connected, we are able to lift H to H which is a map from S'^ x [0, 1] ^ X 
with H{x,0) = Vi. We assume that H{x,l) = T^ivj). Hence [vi] = [Tn^Vj]]. Therefore 

[dBiiO) + ar(,,o,o)(i?i(0))] = [dr^iBim + ar(,,o,o)r.(i?i(0))] in 7T2{X), 

where tt2{X) is the second homotopy group of X. However, it is easy to check that iti{X) = {1}, 
then by Hurewicz Theorem, the above identity is not true. 

Now, we proceed to construct N. Let / be a homeomorphism from X to Y = X. We 
consider the quotient space of X U 1", obtained by gluing every point x £ dX with f{x) G dY 
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together. In this way, we get a closed compact manifold N and a projection (p : N ^ X. One 
is easy to check that Tr{vk) can be also considered as a map from 5^ to N with E{Tr{vk)) < C. 
We claim that ['7r(ffc)] are some different homotopic classes with each other in 'K2{N). Assum- 
ing it is not true. Then, we can find a continuous map H{x^ t) : S'^ x [0, 1] ^ such that 
H{x,0) = vr(uj) and H{x, 1) = ir^Vj). Hence, (j){H{x,t)) is just a homotopic map of vr(i;j) and 
7r(wj) in X. A contradiction. 

Finally, we would like to ask the following problems: 

Problem 1. Suppose all a-harmonic maps Ua belong to the same homotopic class and satisfy 
the energy identity as a — > 1. Do the necks consist of some geodesies of finite length? 

Problem 2. Could we find a sequence 1, and harmonic maps Ua^, s.t. l)the Morse 

index tends to infinite; 2) sup;. Ea,.{ua^.) < oo; 3) for any i ^ j, u^^ and are not homotopic 
to each other. 
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